Synthetic aperture radar systems that use the polar format algorithm are subject to a focused scene size limit inherent to the polar format algorithm. The classic focused scene size limit is determined from the dominant residual range phase error term. Given the many sources of phase error in a synthetic aperture radar, a system designer is interested in how much phase error results from the assumptions made with the polar format algorithm. Autofocus algorithms have limits to the amount and type of phase error that can be corrected. Current methods correct only one or a few terms of the residual phase error. A system designer needs to be able to evaluate the contribution of the residual or uncorrected phase error terms to determine the new focused scene size limit. This paper describes a method to estimate the complete residual phase error, not just one or a few of the dominant residual terms. This method is demonstrated with polar format image formation, but is equally applicable to other image formation algorithms. A benefit for the system designer is that additional correction terms can be added or deleted from the analysis as necessary to evaluate the resulting effect upon image quality.
INTRODUCTION
There are many sources of phase error in a synthetic aperture radar system. This paper presents a method to measure residual phase error after image formation has been performed. In particular, this paper will focus on the phase error from Polar Format Algorithm (PFA) approximations 1 for broadside data collection geometries, but the method presented can apply equally well to other image formation techniques. PFA truncates terms in the differential range expression by using the Fourier transform to form the image. This truncation is necessary to enable the Fourier transform to resolve the scatterer location, however the truncated terms result in a residual phase error causing distortion and defocusing in the image. For particular radar parameters, the residual error is not noticeable in the imagery. The magnitude of the phase error generally increases as scene size increases, cross-range resolution decreases, center frequency decreases, etc. Walker 1 established a bound on quadratic phase error of / 4 π for which the resulting image distortions are small and negligible. Since Walker, others 2, 3 have developed methods to correct residual quadratic phase errors allowing the scene size to further expand beyond Walker's limit. When extending the scene size further, using the quadratic corrections, it would be useful to understand and quantify the residual error terms to determine if additional higher order corrections are necessary. This paper examines the complete residual phase with a numerical analysis of a particular scene size and radar parameters so that radar designers can evaluate the effectiveness of phase error corrections that will limit scene size.
First a model of the synthetic aperture phase history is presented to illustrate the source of phase errors within polar format algorithm. Next the impact of phase errors upon the Impulse Response (IPR) is illustrated for quadratic and cubic phase errors. Then a method is presented to quantify the phase errors for a given scene size. This method is validated and is used to show a scene size limit beyond quadratic phase error limits.
PHASE HISTORY MODEL
Phase history models can vary with application, this paper will use a phase history model developed by Doerry 3 for a linear frequency modulated chirp radar using stretch processing. Equation 1 is the phase history expression that the image processor receives after correcting or ignoring residual video phase error. 
Where:
R A is the amplitude of the received pulse , T n ω is the transmit waveform reference frequency of nth pulse , T n γ is the transmit waveform chirp rate of nth pulse i is the intra-pulse (fast time) sampling index n is the pulse (slow time) index , s n T is the intra-pulse sampling interval c is the speed of light cs r is the differential range from the scene center point to the scatterer The differential range is more precisely defined as
, c n r is the distance from the scene center to the radar (see figure 1) , s n r is the distance from the scatterer to the radar (see figure 1) Figure 1 : Geometry for spotlight mode SAR data collection. The origin is located at the scene center and motion is compensated to this point.
The goal of SAR is to determine the location of the scatterer, s , to form the image. The radar directly measures the differential range, cs r , by referencing return energy to the scene center location; it cannot directly measure the range to the scatterer, , s n r . However, through geometry we can determine , 
The magnitude of these neglected terms are small under certain conditions, however as the scene size gets large and the range to scene center decreases these terms increase in magnitude.
PHASE ERROR EFFECTS ON IMPULSE RESPONSE
It is known that phase errors distort the scatterer response in SAR imagery. 
PHASE ERROR MEASUREMENT TECHNIQUE
As we are interested in only the phase error from image formation, neglecting other sources of phase error in a SAR system, a simulated image is best to remove most all sources of error resulting from hardware and data collection. Furthermore, a single point target response is best so as not to add or subtract phase response between scatterers at different locations and different amounts of phase error. Figure 4 shows a block diagram representation of the algorithm.
Beginning with a polar formatted phase history, first resample the phase history to a rectangular grid then form a complex image at extremely coarse range pixel spacing sufficient to capture any range migration of the scatterer into a single range line (or row). This is important because if the scatterer response spreads between range bins/pixels an accurate measure of the phase error will not be possible. Next, we locate the row with the highest peak response and perform an Inverse Fourier transform in the cross-range dimension on that row of the image. Unwrap the phase, then estimate the polynomial coefficients. The polynomial coefficients at this stage quantify most of the phase error. To completely measure the phase error, it is necessary to apply a correction to the phase history of the form in equation 7 using the polynomial coefficient value and repeat the phase measurement until the polynomial coefficient is reduced below a threshold value. The threshold should be no more than / 4 π radians to ensure that the phase error is not noticeable in the IPR. It may be desirable to use a smaller threshold to increase the accuracy of results. It is possible to estimate any order of phase error with this method by adjusting the number of polynomial fit coefficients.
φ is a scalar value of the phase error to be corrected β is the order of correction to apply (i.e. for quadratic 2 β = )
x N is the total number of cross-range samples This methodology is inspired by an autofocus correction 5 technique with a few important modifications. Using a single scatterer in the phase history eliminates constructive/destructive interference with other scatterers and enables a coarse range resolution cell to contain nearly all the energy from the point target. Furthermore, autofocus will apply a correction to the phase history after the IFFT, while for this method the phase is unwrapped and then approximated with a polynomial curve fit. This method is self-checking in that if the estimate of the phase error is insufficient or too large, applying the phase error as a correction to the image will result in a noticeably distorted IPR if the error is more than / 4 π radians.
Residual Phase Error Measurement
When the radar designer has known corrections within the image formation algorithm (i.e. quadratic phase error corrections) these can be applied directly to the phase history itself before measurement. In this way, it is possible to determine the residual error order and magnitude after applying corrections to evaluate if the corrections are sufficient for the radar's application. Where:
,0 c r is the distance between the radar and the scene center at the center of the aperture ,0 s r is the distance between the radar and the scatterer at the center of the aperture x s is the scatterer location along the x axis λ is the center frequency wavelength o k is the pixel oversampling factor, along x image dimension x ρ is the resolution in the x dimension Given the target coordinates and radar coordinates are known from the simulation, it is straightforward to calculate a correction term and apply that correction using equation 7 before estimating the residual phase error. Other corrections, including higher order corrections, can be applied to the phase history in a similar manner.
PHASE ERROR VALIDATION
A spotlight mode simulation is constructed using the parameters below in table 1. There are two metrics to consider when validating the performance of the phase error measurement: IPR quality and analytical calculation of quadratic phase. The analytical calculation of quadratic phase in equation 8 provided by Doren 2 can be used to score the absolute error calculation of the phase error measurement. From applying the measured phase error to the phase history and reprocessing the image, the IPR distortion (or lack thereof) will indicate if remaining phase errors exist and may indicate the particular order of phase error. 
HIGHER ORDER PHASE ERRORS
Many sources in the literature describe methods for correcting quadratic phase errors. Once these corrections have been applied it is of value to understand at what point the uncorrected phase errors will limit the focused scene size. Using the techniques described above it will be shown that higher order errors can be quantified to establish if a particular scene size has an acceptable amount of phase error distortion.
Using the same simulation parameters in table 1 above we can further expand the scene size to measure the magnitude of higher order terms. Figure 8 shows the phase error after applying quadratic error correction using equations 7 and 8 for a scene size of 700m by 350m. It shows after only correcting the quadratic phase error, as if one would using a quadratic phase error correction technique 2,3 , there is a significant cubic phase error distorting the IPR that exceeds the / 4 π threshold. To completely quantify the phase error we must correct and iterate. Figure 9 shows the results of iteration, confirming cubic phase error exceeds / 4 π tolerance. Figure 10 shows that expanding the scene size further from 700m to 1200m more than doubles the cubic phase error. 
Mapping Phase Error
To better understand the scene size limitations for a particular radar data collection geometry, it is possible to use the above method to create a map of the phase error. Figure 11 shows a map of the quadratic phase error indicating the scene size limits within the / 4 π radian threshold are approximately 120m by 140m. However, techniques have been developed 2, 3 to correct quadratic phase error, leaving higher order terms to limit the scene size. Of these higher order terms, cubic phase errors dominate and figure 12 shows a map of cubic phase error. The black lines in figure 12 trace a contour of / 4 π radians indicating a scene size limit (assuming square scene) of approximately 400m by 400m. Also it should be noted that in contrast to the quadratic errors, cubic errors are minimal along the principle axes allowing rectangular scene sizes that exceed the size of the square patch in one dimension while squeezing the other dimension. 
CONCLUSIONS
Addressing the source of phase errors arising from the PFA truncation of terms in the Taylor Series expansion of differential range is well addressed in the literature [1] [2] [3] . A difficulty still arises when system designers wish to determine the residual phase remaining after image formation. For PFA this can be accomplished directly by measuring the residual phase resulting from the difference between the approximate and true differential range to a specific target location. However, additional analysis is required for every modification made to the image formation algorithm to attempt to correct phase errors. In this paper we have presented a method that is agnostic to the image formation algorithm and the use of additional phase corrections. Furthermore, this method can easily be applied to measure residual phase errors for issues beyond the truncation of terms in PFA. For example, targets can by synthesized with a vertical displacement from the ground plane to measure the effects of height of focus errors on the particular image formation scheme chosen by the system designer.
This method was demonstrated by examination of phase errors arise directly from PFA truncation of terms in the Taylor Series expansion of the differential range expression. These phase errors cause noticeable image distortions when the magnitude exceeds a threshold of / 4 π radians. The type of distortion is related to the order of phase error and it was shown that / 4 π radian threshold can apply for higher order errors beyond the quadratic case; however the specific radar application will dictate specific limits. Then a method was introduced to quantify total and residual phase errors for a specific radar system and geometry. Using that method, we showed two cases in section 6 where the cubic errors exceeded the / 4 π radian threshold, limiting the scene size after quadratic corrections are applied. To better understand the magnitude of quadratic and cubic phase errors throughout the scene size, section 6.1 showed a map of the phase error magnitude to illustrate how the phase errors vary throughout the image.
With information of a particular radar and scene size it is possible using the method described within this paper to calculate the type and magnitude of phase error that would result only from using PFA and any combination of correction factors. Using this information it is possible for the system designer to bound the scene size limit after applying any correction terms. This is of value to the system designer since they may need to account for these errors amongst the other sources of phase error in the radar system or limit the scene size accordingly.
